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NON-ARCHIMEDEAN FUZZY METRIC SPACE BY
NORLUND-(M, \,) AND RIESZ MEAN (M, \,) METHOD OF
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ABSTRACT. Let K denotes a complete non-trivially valued non-Archimedean
field. In this paper, we define statistical convergence and statistical summability
of fuzzy sequences by Norlund-(M,\,) and Riesz mean (M,)\,) method of
summability. Further, discussed inclusion relation between statistical
convergence and statistical summability of such sequences.
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1. INTRODUCTION

In non-Archimedean analysis the study focuses on leveraging the power of
ultrametric property, which also satisfies the triangular inequality of metric spaces.
Kurt Hensel [8] defined the theory of p-adic fields, which are non-Archimedean in
nature. Fast [4] introduced the concept of statistical convergence for a sequence of
reals. Fast introduced an extension of usual concept of sequential limits, called
statistical convergence. Despite being independent of one another, Steinhaus [22]
and Fridy [5] initiated the research of statistical convergence.  Statistical
convergence for real and complex sequences was independently developed by Buck
[2, 3] and Schoenberg [21]. Fridy found a criteria for statistically convergent real
sequences analogous to cauchy criteria of convergence. For sequences in any
Hausdroff locally compact topological vector space, Maddox [9] extended statistical
convergence. Statistically convergent and statistically Cauchy sequences for reals
were examined by Rath and Tripathy [18]. Suja and Srinivasan [23] introduced
statistical convergence in ultrametric field. Muthu and Suja [12, 13] investigated
weighted and generalized Norlund-Euler statistical convergence in ultrametric field.

The theory of summability has many uses throughout analysis and applied
mathematics. Fuler, Gauss, Cauchy and Abel contributed to the development of
summability theory, and there are special methods of summability such as Abel,
Borel, Euler, Taylor, Norlund, Hausdroff in classical analysis. Natarajan [14]
introduced (M,\,,) method of summability in ultrametric fields.

In 1965, Zadeh [28] introduced the notion of fuzzy sets. George and Veeramani
[7] defined fuzzy metric space. Matloka [10] introduced convergence of sequences of
fuzzy numbers in reals. In 1995, Nuray and Savas [15] defined statistical
convergence of fuzzy numbers. Tripathy and Baruah [26] studied some properties
of Norlund and Riesz mean of sequences of fuzzy real numbers. Pattanaik et al.
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[17] investigated regularity properties of Norlund and Nérlund-type means for
sequence of fuzzy numbers. Talo and Bal [25] introduced statistical summability
(N, P) of sequences of fuzzy numbers. Paknazar [16] investigated new class of
proximal contraction mappings and established best proximity point theorems.
Mihet [11] introduced fuzzy v contractive mappings in non-Archimedean fuzzy
metric space. The issue of determining the optimal proximity point of the shortest
distance between two nonempty sets in a non-Archimedean fuzzy metric space was
studied by Vetro and Salimi [27].

More authors [19, 20, 24] have been discussed about the fuzzy numbers in
Archimedean analysis. In this article, we introduce some new results of statistical
convergence and statistical summability of fuzzy sequences by Norlund-(M, \,)
and Riesz mean (M, A,) method of summability in non-Archimedean analysis. We
establish the inclusion relation between statistical convergence and statistical
summability of fuzzy sequences by Norlund-(M,\,) and Riesz mean (M, \,)
method of summability over non-Archimedean fields.

For a general reference on Ultrametric analysis, the book is [1]. Throughout this
article, K denotes a complete nontrivially valued non-Archimedean field.

2. PRELIMINARIES

In this section, some preliminary definitions of sequence in fuzzy metric space,
statistical convergence, statistical summability of non-Archimedean fuzzy metric
space using Norlund and Riesz mean (or Norlund-type transformation) methods of
summability are defined.

Statistical convergence of sequence z = {z,} and statistical summability in
non-Archimedean fuzzy metric space using Norlund-(M, \,,) and Riesz mean (or
Norlund-type transformation) (M, A,) methods of summability are defined. Also,
inclusion relation between statistical convergence and statistical summability of
non-Archimedean fuzzy metric space by Norlund-(M, A,) and Riesz mean (or
Norlund-type transformation) (M, )\,) methods of summability are discussed in
non-Archimedean fields.

Definition 2.1. A binary operation # : [0,1] x [0,1] — [0, 1] is called a continuous
t-norm if it satisfies the following conditions:

i. * is commutative and associative ;

ii. * is continuous ;

ili.a x 1=aV a € [0,1];

iv.axb<cxd whena<c¢ and b<d, with a,b,c,d € [0,1]

Definition 2.2. [7] A fuzzy metric space is an ordered triple (X, M, %) such that X
denotes a non-empty set. * refers to a continuous t-norm and M serves as a fuzzy
set on X x X x (0,400) satisfying the following conditions, for all z,y,z € X
and t,5s >0

i. M(x,y,t) > 0;

ii. M(z,y,t) =1 if and only if z = y;

iii. M(z,y,t) = M(y,z,t);

iv. M(z,y,t) « M(y,z,8) < M(xz,z,t+ s);

v. M(z,y,.): (0,+00) — (0, 1] is left continuous

If we replace iv by vi,

vi. M(x,y,t) * M(y, z,s) < M(z, z, mazx{t, s});
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then the triple (X, M, %) is called non-Archimedean fuzzy metric space. Note that,
since vi implies iv, each non-archimedean fuzzy metric space is a fuzzy metric space.

Definition 2.3. [1] A non-Archimedean valuation (or a valued function) is a func-
tion | | : X — R satisfying the following axioms

i. || >0,|z| =0if and only if 2z =0.V z € X.

i. |zy| = |z|lyl, ¥V z,y € X.

ili. | +y| = max{|z|,ly|}, ¥V 2,y € X.

Example:- p-adic valuation is an example for non-Archimedean valuation.

Definition 2.4. [7] A sequence {z,} in fuzzy metric space (X, M, *) is said to be

convergent to a limit ¢ if for any € > 0, we have ILm M(xn, b, t) = 1.
n o0

Definition 2.5. A sequence {z,} in fuzzy metric space (X, M,x) is said to be
statistically convergent to a limit ¢ if for any € > 0, we have

lim L{k <n: Mz, 0,t) >1—¢c}| =0.

n—oo

Definition 2.6. A sequence {x,} is said to be summable by Norlund mean (N, p,,)
to L if, lim M(p- > pn—iy12i, L, t) = 1.
n—o0 =1

Definition 2.7. A sequence {z,} is said to be summable to L by Norlund-(M, A,)
method if, lim M(XF (BTN Lit) = 1.
n—oo ?

Definition 2.8. A sequence x = {z,,} is said to be statistically summable to L by
Norlund-(M, A\,,) method, if for any ¢ > 0,

lim %‘{k‘ <n: M(Zf:opizi)\k;;llgt) > 1—6}

n—00 I

= 0.

Definition 2.9. A sequence {z,} is said to be summable by Riesz mean or

n
Norlund-type transformation to L if, lim M(PL >opixi, Lit) = 1.
n—oo n i—=1

Definition 2.10. A sequence {x,} is said to be summable by Norlund-type (M, A;,)
n n—k
or Riesz mean (M, \,,) method to L if, lim M(Y (Y Pr=ifnbiyey [ ¢) = 1.
N0 k=1 i=0 ¢
Definition 2.11. A sequence x = {z,} is said to be statistically summable to L by
Nérlund-type (M, A,) or Riesz mean (M, \,,) method, if for any € > 0,

n n—k
{k<n: ML (T P=ptotyay L1) 21— ¢}
k=1 =0

lim 1 =0.
n—00

3. MAIN RESULTS

Theorem 3.1. If the sequence {x,} is convergent to L, then it is statistically
convergent to L. That is, if © = {x,} is a fuzzy sequence such that
lim M(zp,L,t) =1, then lim |[{k € N: M(xg,L,t) >1—¢}| =0.

n—oo

n—oo

Proof. Given the sequence {z,} is convergent to L.
That is lim M(z,,L,t) =1
n—oo
Given € > 0, 3 N € N such that M (z,, L,t) —1<eVn>N
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implies M (zy,, L,t) —1>eVn< N—-1

implies M (zp, L,t) >1—eVn< N -1

implies lim & [{k <n:M(zg, L,t) >1—e}| =0. O
n—oo

Theorem 3.2. If the sequence {x,} is statistically convergent to L, then it is sta-
tistically summable to L by Norlund-(M,\,) method.

Proof. Let {x,} be a sequence in non-Archimedean fuzzy metric space
statistically convergent to L.

lim L|{k<n:Mzy,L,t)>1—¢c}|=0.

n—o0

To prove nli_)n;ol {k<n: fZOM(pgi)\k,L,t)zl—s} =0.

n
Consider, M (> 7, sz): Ao, Lot) =30, p;;kM(xi, pf';/\kL, PiP)\k t)
Since P, =pg+p1+ ...+ p;,

P P; P maz{po,p1,...,pi }
we have M (wi, 55 L, 55-t) > M(wi, 55 L, o t)

k
DiT; P, P; P, max{po,p1,...,pi}
M Aoy Ly t) > M (2, ——L, ——t) > M (z;, —L, t
(; p, bt = M N 2 M N Pidk )

Letting limit as k£ — oo in the above equation, we get

k
lim M i, L,t) > lim M (x;, —0L, t
k—o00 (; P; ) k—o0 ( ' DidE | Dik )
P, D
> lim M(ai, 2L, mazx{po, p1, ,pz}t)
oo PiXi DiMk
o Di; P;  max{po,p pi}
M e, L t) > lim M(z;, ——L LPL Py =1 — e
(Z Pi ks L4 )7ki>nc}o (x’pzAk B piAk ) €

=0

o0
ZM(p;flAk,L,t) >1-¢
i—0 i

Tim %‘{kgn:ZfzoM(P’gi)\k,L,t)21—5} —0. O

n—oo
Theorem 3.3. If the sequence {x,} is statistically summable to L by Norlund-
(M, \,) method, then it is statistically convergent to L.

Proof. Suppose

=0.

1
lim —
n—,oo M,

2

k
k<n: M PN L) >1—¢
{ ; p, ok }

Then 3 ny € NV such that

k
M(;pglAk,L,t)gl—sv nm <k<n
choose {N\¢} =1,1,1,..,and ppr =1,p;, =0Vi#£k, n1 <k <n
we get |M(zg, L,it)|<1—eVni<k<n
implies lim & [{k <n:M(zg, L,t) >1—e}| =0.
n—oo

{z,} is statistically convergent to L. O
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Theorem 3.4. If the sequence {x,} is statistically summable to L by Riesz mean
(M, \,) method, then it is statistically convergent to L.

Proof.
1 n n—k 5 )
Suppose lim ‘{k<n:M( ( M)th,t)zlfe} =0.
n—oo n £ P;
k=1 =0
Then 3 ny € N such that
n n—kp 5 ]
M n—i\n—k—i <1_ < k<
(Z(Z—R Yeg, L,t) <1—eVn <k<n
k=1 =0
choose {N\¢} =1,1,1,..,and ppy = 1,p; =0Vi#£k, n1 <k <n
we get |M(zg, L,t)| <1—eVn <k<n.
implies lim & [{k <n:M(zg, L,t) >1—e}| =0.
n—oo
{z,} is statistically convergent to L. O

Theorem 3.5. If the sequence {x,} is statistically convergent to L, then it is sta-
tistically summable to L by Riesz mean (M, \,) method.

Proof. Let {z,} be a sequence in non-Archimedean fuzzy metric space statistically
convergent to L.

lim —|{k<n M(xy, L,it) >1—¢}| =0.

n—oo n,
n n—k
To prove hm — {k<n MZ an iAn—— Z Yok, Lyt) > 1—¢e}| =0.
k=1 i=0 B
Consider, M (> ( i %)xk, L,t)
k=1 ‘

n—2
— M z b, L) M Pttt L)

n—n—1

Fo MO PR L)+ M(S P, L)
=0
Z Prn—i\ n k— lM(.Tl,n - P; L’ — b; t)
=0 ;}PvL—iAn—k—i 20 Prn—iAn—k—i

—2
> Pn—idn—k—i

i=0 P; P;
+ - P; M(x% n—2 . L’ n—2 - t)
> Pn—idn—k—i 2 Pn—idn—k—i
i=0 =0
nfi—l
Prn—idn—k—i
i=0 P P;
+...+ %M(In 1y non— : L’ n—n—1 : t)
Z pn—i)‘nflcfi 'ZO Prn—idn—k—i
i=0 i=
' P P P
b X X
+Z net Bt M (@, L, t)
Z Prn—idn—k—i > Prn—idn—k—i
= i=0
n—k P f— P; P;
_Zk 12 noid P lM(‘,I;k’n—k . L, = * t)

> Pn—idn—k—i >0 Pn—idn—k—i
i=0 i=0
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Since P; = pg + p1 + ...+ p;, we have

P P
M(zg, —— L,—— £)
> Pn—idn—k—i > Pnidn—k—i
i=0 i=0
P;
(31) > M(xl7 7 L, maa:ipmpl, apl}t)
> Pnitn—k—i Z DPn—iAn—k—i
=0 =0
Letting limit as n — oo in (3.1), we get
n n—k
: n k— 7,
Jim ML TR e L)
k=1 i=0
Pi Pi
Z hm M(.’I)k, L t)
n—o00 n—k

" n—k
D Pn—idn—k—i D Pn—idn—k—i
=0 =0

P; D
2 lim M(.Tk7 [ L, mam{p(ﬁpl» apz}t)
n—oo n—=k n—k
Y Pn—idn—k—i Y Pn—idn—k—i
i=0 =0
n
Since M ( Z an Ak g, L, 1)
k=1 i=0
P o
> Mz, —— 1 L m:ﬁpovm pz}t)
Z Dn—iAn—k—i Z Dn—iAn—k—i
1=0 =0

Further, since {x,} is statistically convergent to L, we have

n—i\n—k—
MOy )
k=1 i=0 ¢
n n—kp A
> n—i\n—k
> 7}5{)101\/[(16 2 P zy, L, 1)
=1 2=
. P; P
> lim M (zy, — L,— t)

Z DPrn—iAn—k—i Z DPn—iAn—k—i
=0

Pi ) IRy &)
> lim M (xp, — p, meripo.p - p }t) 1
n—oo —

n—k
Z DPn—iAn—k—i > Prn—idn—p—i
=0

1=0

—E&.

implies M(Z(Z M)x/@,lj t)y>1—¢

k=1 i=
n n—~k
implies T}LIEO%|{k <n: M(kzl( Zo M)%L t)>1—¢} =0.

{zn} is statistically summable to L by Riesz mean (M, A,,) method.
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4. CONCLUSION

In this paper, statistical convergence of fuzzy sequences by Norlund-(M, \,,) and
Riesz mean (or Norlund-type transformation) (M, \,) methods are defined over
Non-Archimedean fields. Also, discussed inclusion relation between statistical
convergence and statistical summability of fuzzy sequences by Norlund-(M, \,)
and Riesz mean (or Norlund-type transformation) (M, A,) methods of summability
over Non-Archimedean fields.
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